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ON THE SOLCTION OF BOUNDARY PROBLEMS. 75 

VII. 2% Approximate Solution of Various Boundarg Problems 
by Surface integration* conabified with Freehand Graphs. 
By L. E’. RICHARDSON. 

RECEIVED MARCH 21, 1910. RECEIVED IN REYISED FORM NOvEAf6ER 1, 
1910. READ NOVEJIEER 25, 1910. 

Q 1. General. 
8 2. (a4/ax4+2 a4/ax2ay2+a4/lay4)ry=0 in the body ; and on the 

boundary y and -- given. 
dn 

$ 2.1. General. 
0 2.2. Example-Stress in a stretched notched platre. 
$1. The method of solving boundary problems now to be 

described, consists in drawing, a t  a guess, a rough graph of the 
lilies along which the integral is constant, and testing its 
accuracy by perimeter integration applied (in the approximate 
form of summation) to ciacles (or other simple figures) enclosed 
within the given boundary, in such a way as to find the integral 
a t  the centre of each circle, in terms of the integral and its space 
rates round the circumference ; then embodying the correc- 
tions so found in a new graph and repeating the process until 
improvement becomes slow. In  doing this one begins with a 
circle as large as will go into the region, or if the region is long 
and narrow, with several such circles. This gives a first 
approximation to the integra1 in the centre of the region. The 
graph is then re-drawn, and circles of half the radius of the first 
are used to test the parts extending from the centre to the 
boundary. Then, after re-drawing, still smaller circles are used 
for testing nooks and corners. Next the largest size of circles 
is used again, and so on. 

The above process is for equations such as 02+=0, V4+=0, 
but when we have on the right-hand side of the equations not 
zero but a knowii function of @ and of the independents, then a 
certain volume integral has to be taken as well as the perimeter 
integrals. This can be calculated with sufficient accuracy by 
adding up a number of arithmetical values. When, as com- 

* The ptLrticiilar kind of surfece integration referred to is that which gives 
the value, at a single point inside the surface, of the integral of an equatioll 
which holds throughout the volume inside the surface. When, by symmetry, 
it is only necessary to apply it to a line lying in the surface it will be called 
11  ,,crinietQr intcgratioii,” riot c~intutir integration r id  thc word I‘ contour ” 
i., ~c>t.r\-ctl tlJ 11lci111 CI liiic along nhicli A function of pobition is cunstniit. 

\-oL. SSIII. F 



76 YR. L. F. RICHARDSON 

monly, these are the values of a function of two fuiictioiis of 
position, then the work is made easier by drawing a graph of 
the contours of one of the functions on tracing paper and laying 
i t  over a graph of the contours of the other. 

The drawing ensures that the function shall satisfy- the ri6lit 
boundary conditions, shall have any necessary djscont’inuities 
and shall elsewhere be “ smooth.” The testing by perimeter 
and volume integration and consequent adjustment ensures 
that  it shall satisfy the particular differential equation obtain- 
ing throughout the body. The accuracy of the result may be 
improved, in the case of certain differential equations, by con- 
verting it into a table of numbers and then making successive 
arithmetical approximations. * Further, whenever it has been 
decided to attack a problem by this arithmetical method, it 
will geiieraiiy be quickest first to improve tho preliniinar). 
assumption by graphs and perimeter intcgration. 

Errors in graphs of integrals of V’+=O are easily seen because 
the shape of the chequers into which the contours of (/I and the 
orthogonal curves divide the field is a known function of their 
position and direction f-. When, however, we have to deal 
with rather more complicated equations such as V2+=con- 
stant, V 2 + = k 2 #  or v4+=0, the shape of the chequers is no 
longer a known function of their position and direction, but, 
instead, certain relations have to be satisfied by the differences 
of tlie ratio of length to breadth of adjoining chequers, rela- 
tions which are usually too subtle for the eye to perceive. 
Instead of attempting to perceive them one may use contour 
integration in the manner described. The same may also, of 
course, be applied to V2+=0. 

An account of Green’s functions coniiect’ed with equation 
V2’”g=0, where m is an integer, will be found in two Papers by 
T. Boggio$. He shows, among other things, that 

O= I (uV%-u2)22”Ju)d (volume) 

where d n  is an element of the outwardly directed normal. 

* L. F. Richardson, “ Phil. Trans.” A (1910). .r This sttitement applies only when 9 is a function of two co-ordinates, 
these co-ordinates being of a ccrtain coninion kind ; see 1,. F. Richardson, 
“ Phil. Mag.,” Februaivy, 1908. 

$ +4ccrtdcmia Rcalc delle Sciouze cli Toriuo, 1900. Rcndironti d ~ l  Circolo 
Xatematiuo cli hlertno, 1‘&5. 
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9 2.1. Let us consider more particularly the equation 
v?~={a~/a~~+2 a4/a~*ay2+a4/ay41r=o,. . . (2) 

which is the one satisfied by tho stress function in plain &rain, ’ 
by the stream function in a viscous liquid moving under cer- 
tain conditions, and by the displacement in a plane plate bent 
by forces at its edge. 

Putting m=2 the formula (1) becomes 

Then, if 0 4 u = O  everywhere except at  one point P, where 
it becomes infinite in such a way that the integral of it over 
any volume, including this point, is +1, then 

f up4ud (volume) = the value of U at P. 

If also v and - vanish on the boundary then 8.U 
an 

Here U is supposed to be the integral which we require and v 
a known function which is used to find U. 

It is assumed that we are dealing with cases in which 0% 
either vanishes or is a given function of U and of the co-ordi- 
nates, so that the volume integral can easily be estimated by 
adding up values at  a number of points. 

The special case which we chiefly require is that of a circle 
with P at the centre. Let the radius be a, then 

v=-P 1 log r -+Q (aZ-r2)] t. . . . . ( 5 )  8lr a 
a Forming v2v and&V2v at r=a it is found that, if v+y=O, then 

‘y at centre of circle=(mean value of +y on circumference) 

-(half radius)X mean value of 2 on circumference). (5a) 

To determine these mean values on a graph one divides the 
circumference into a number of parts and adds up the values a t  
their middle points arithmetically. 

* Love, “ Theory of Elwticity,.’ edition 100G, 11. 201. 
t Lovr, I ‘  Elasticity,” 190G edition, 0 314. 

F 2 
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Another special case which may be required is that where the 
boundary is an infinite straight line y=O and P is a t  x=O, y=a. 
Then 

; v=&[x2+(y+u)y [log{z~+(y+a)'}-log {z2+(Y-42jl * 
1 6 ~  + ai1 arbitrary linear function : 

it  follows that y a t  x=O, y=a is equal to 

The forms of v are known for many more general shapes of 
boundary and with P anywhere. Thus 0. Venske (Gottingen 
Nachrichten, 1891) gives Q for the circle, circular ring, space 
between intersecting straight lines, parallel straight lines and 
the space bounded by radii and concentric circles. But these 
will seldom be required for the graphic method. 

8 2.2. Example.-A thin elastic plate of the shape shown in 
Fig. 1 is stretched by forces applied uniformly over its ends. 
Required to make a graph of the stress function. The plate is 
24 units long, 10 wide, and the semicircular notches have a 
radius of 2.1 and are placed centrally j-. If x and y are co-ordi- 

nates in the plane of the plate then the stresses are X,=- 

Yy=--;; X =Yx= - ,  where y is the stress-fnnction satis- 
fying (a*,'ih4+2 as, ax2ay2+P/ay4)7=0 $. Effect of the tliicli- 
ness of the plate is here neglected. The y axis is taken parallel 
to the length of the plate. Over the ends Yly=constaiit, there- 

fore,%=constant. Now, arbitrary values niay be given to -/, 

3 and - at any one point without affecting the &esse$. 

So let 7, 2, vanish a t  the centre of one end. Then, over this 
end y=Ax2, where A is a constant and x is measured from the 
centre of the end. Further, X, vanishes over the end, and, 

therefore, by integrating Xu= - --, it  follows that - vanishes 
also. Now, it may be shown that when the bouiidary stre~:.;e.i 

* Lore, " lSliwticity," 1906 edition, 9 314. 
t This problem is taken from a note by G. H. Gulliver, "Nuturc," 

$ hfichell, Proc." Lond. Math. Soc., xxi. Love, '( Theory of Elasticity," 

3 '. Pliil. Traiis.," A \-ol., 210, pp. 330-331. 

a2y 

a 2  aa, a y  
ax., g aday 

3s ay  
ax 39 

Y 

a.?, 
a d y  

April 14, 1910, Figs. 5 and 6. 

ed. 1906. 
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and the external forces, such as gravity acting on.the internal 

matter, vanish, then- and 9 are constant round the boundary. 
These conditions are satisfied in the present case except over 
the ends of the plate. Consequently, if we imagine a length, y, 
set up normal to the plane 2, y so as to form a surface, then on 
the longer edges of the strip and round the curves of the neck 
this surface is the plane which touches the surface y=Axs a t  
the extremity of the end. The distribution of y is obviously 
symmetrical about the lines through the centre of the plate 
parallel to the straight sides and ends. Take the origin at the 
centre. The following is a record of the actual process by which 
the results to be given at  the end were obtained. 

Short pieces of the contours of the surface y=Az2 were first 
marked on the ends of the boundary of the drawing, and over 
the rest of the boundary were marked the ends of the contours 
of the plane which has Y = A ( ~ ) ~  at the straight parts of the 

longer edges and which has - =2A.5 ; ?=O. In the drawing 

A was taken to be 2/5. Consequently the equal and opposite 
forces acting on the ends of the bar, being each equal t o  

ax ay 

ax ay 

This completed the boundary conditions. Next, the ends of 
the contours were joined across by lines drawn a t  a guess in 
Fig. 1 ~ .  The value of y a t  the centre of the plate was unknown, 
so that the dotted line y=1 was particularly uncertain. The 
only places at which y vanishes are the points marked 0. Now, 
the large circle was drawn and divided into equal segments by 
dots. The values of y a t  the centres of these segments, starting 
from the left, were read off , thus- 

0.9, 5.0, 9.0,9.0, 4.0, 1-5, average 4.90. 

In reading off values of - it is a help to have a piece of trac- 

ing paper with a line ruled on it, which is placed as tangent to 
the circle. The values of 'y a t  two dots a half unit on either 

2, 
3r 

side of the tangent are read'off and differenced, I n  other 
places it is more convenient to measine the distance along a 

radius between two contours, and to use for 3 the reciprocal ar 
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of this distance multiplied by the difference in 7 betweell the 

s i d  contours. Again, at or very near the boundary, 3 and - 

are given, and it is then often most accurate to take the direc- 
tion cosines of the radius from a book of tables and so calculate 

!y. By these methods the following values of were quickly iir ar 
found at the centres of the segments, reading from the left 

ax ay 

0.15, 2.00, 3.8, 3.8, 2.35, zero, mean 2.01. 

5 
2 

Therefore, by equation (5), 

y at centre=4-9--~ 2.01=-0-12, 

instead of about +04, as indicated directly by the figure. 
Accordingly a new drawing was made in the quarter of Fig. 1 
marked B, and in this y was made negative in bhe centre of the 
plate. It hardly seemed necessary to alter y=2,4,6,8,10. The 
mean values of y and - were thereby changed so as t o  make 

y= - 0.5 at the centre of the large circle, and this was also 
the value given directly by the graph as near as one could tell. 

Next a circle with centre at the origin and radius 2.9 was 
taken and divided into segments as before. At the centres of 
these segments 

aY 
ar 

y= - 0.5, +04, + 1.7, mean +0.67, 

%=+ 1.9, +0.95, +0-15, mean 1.00. 
i3T 

Therefore, by equation (5 ) ,  
2.9 
2 ty at centre of the plate=+O*67- - X 1-00= -0.78. 

Next a circle with radius 2.5 and centre at  y=4, x=2.5 was 
The value of y at the centre of this, as given directly by 

On the circumference, in counterclockwise 
taken. 
the figure is 1.6. 
order from the right, were found 
7=2*7, 7.0, 9.5, 9.4, 7.0, 3.6, 1.2, -0.1, -0.5, -0.7, -0.4, 

+0-5, mean 3.27, 
$=0.9, 2.9, 3.85, 3.85, 2.5, 0.85, -0.15, -0.4, -0.1, -0.1, 

2.5 whence, by equation (5 ) )  y at the centre =3.27 - -- - X  1.1 1 = 1.88 2 
instead of 1.6, 8s found directly. The graph was adjusted to 

-0-4-0.4) mean 1.11 ; 



FIG. 1. 
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accord with this value by moving the contour y=2 into the 
position of the dotted line, so that 7 was increased by 0.30. Then, 
to preserve the smoothness of the function 7, the contour y=4 
had to be given a similar but smaller displacement. These 
displacements reduced the mean value of 2 on the circum- 

ference by only about 0.01. They increased the mean value 
of y by about 0.02. The value a t  the centre, by perimeter 
integration, was therefore changed by 0~02+~(0~01)=@~03. So 

it is seen that the slight displacement of the contour passing 
nearest to the centre of the circle, with accompanying changes 
t o  preserve smoothness, made much less change in the value of y 
found by perimeter integration than in the value read off 
directly, the ratio being as 0.03 to 0.30. The motion of the 
contours was stable. This property, when i t  exists, allows 
improvements to be made rapidly. As a result of the 
last change we have now, a t  z=2.5, y=4, y=1.90 
directly and ?=le91 by perimeter integration. Next, if 
the contour y=O be displaced into the dotted position the 
effects on the circle which we have just considered wiil be 

2 

slight, the change in 7 compensating that in aY - This was done. 
ar' 

The value a t  the origin by perimeter integration became -0.72. 
Some 

further tests were proposed to confirm it, and had they been 
applied they would doubtless have revealed what was now 
noticed-namely, that  the stress Yy across the neck of the plate 
is probably fairly uniform. If quite uniform, then y is there of 

the second degree in x. But we have the values of y and - a t  

the boundary x=24. and so find at the centre of the plate 
y=-4.75 if Y, is uniform, instead of -0.7 given by perimeter 
integration. It was a t  once clear that either Yy was not uni- 
form or else the figure was seriously out. To decide which, the 
latest graph was copied into the quarter C of Fig. 1. An auxil- 
1 iary diagram, Fig. 4, showing y as ZL function of x along y=O 
was used to find the points where y=1 and -0.5, and the con- 
tours through these points were then marked with dots in Fig IC. 

A circle was taken with centre a t  x=1.45. y=O passing 
through the origin and touching the boundary. A t  its centre 
perimeter integration gave -0.32, whereas the value on the 
graph is there -0.1. Suppose that to correct this discrepancy 

The graph now appeared to be fairly satisfactory. 

aY ax 
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2 

0 
0 

the zero linc were shifted into tllc new position shown in Fig. 1 ~ .  
This shift would came, on the circumference of the circle 

which me have just considered, an increase in ?? and a decrease 
in y, and would, therefore, create a demand for a further dis- 
placement in the same direction. The mot,ion of the contours 
would be unstable. 

It was, therefore, necessary to iiiake a large displacement, 
preferably one overshooting the position of stable equilibrium 
of the contours. A fresh start was accordingly made from the 
assumption of uniform stress Yy across g=O. (See Fig. 2A.) Here 
the contours 'y=2,4, 6 ,  8 were simply copied from Fig. IC. The 
others were guessed. Perimeter integrations were then made 
around two circles in the same way as in the examples above 
and with the following results :- 

ar 

Y 
0 
5 

Co-ordinates of centre. Value at  centre Value at centre 

integration. from the graph. 
R,aclius. 1 by perimeter I directly 1 

These two discrepancies can be simult,aneously reduced by 
making y less negative a t  the centre of the plate. The amount 
of change required was not apparent, but for trial a value half 
way between that in Figs. IC and 2~ was taken-namely, 
$( -4.7-0.7)=-2.7. The corresponding graph is Fig. 2B. 
Taking again the large circle with centre at z=O, y=5 and 
r=5, it was found on its circumference that the changes from 

Fig. 2A increase the mean of y by 0-28 and the mean of by 
-0.01. Therefore, y at the centre should be increased from 
-1.34 to -1~34+0~28+2~5x0~01=--1~04. Actually it is 
-0.9. Next from the circle with centre at the origin and 
radius 2.9 it was found that 'y should be -3.13 instead of -2.7 
as assumed. Both these tests on Fig. 2~ point to the true 
value a t  the origin being more negative than -2.7. Accord- 
ingly - 3 7  was next tried. Fig. 2c is the corresponding graph. 
In making it the curve marked I C  in Fig. 4 mas first drawn to 
look suitable and was then used to determine the ends of the 
contours in Fig. 2c along the y axis. The lines y=4, 6,8  are the 
same as in the preceding graph; 'y=2 has been slightly 
straightened. Around the circumference of the large circle 

a'y 



_____ ~ 

.4ngle ~ y a t  centre. I 

- i  
0 l o  220.5 - 9-71 -3.70 1-7- -0 01 

+0*09 1 o,oc,I +0.09 ' 

between 1 

snmniutions. I By integration. perimeter nipctly.  Diff. 

C e n h  of circle. 

1.G 0 1 4 3  30' -2.46 -2.40 -0.06 
9.3 ' 3.53 2.3 30' +le33 +140 -0.03 , 

FIU. 4. 

I O  I 9.0 1 3.0 { 13:: +0.033 J 
I I 

shows the euccessi.ve stages at  a glance. The final contours 
have been copied from Fig. 2c to Fig. 3, where they can be seen 

I. '0.033; 
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more clearly. In  copying it was found desirable, in order to 
improve the smoothness, t o  shift the line y=O into the position 
shown dottcd in Fig. 2c. The effect of this on the errors tabu- 
lated above will be less than 0.1 of y. 

From Fig. 3 the following relations between thestresses in the 
neck have been deduced. As they depend on second differ- 
ences they are necessarily very inaccurate, and are to be 
regarded merely as suggestive. If a greater accuracy were 
required it would be best either to work with a larger diagram 
(Figs. 1, 2, 3 are reproductions of drawings 10 an. x 24 cm.), 
or else t o  read Erom the graph a table of numbers and treat 
them by successive arithmetical approximations *. To return 
to  the stresses in the neck. In the following table S2 is the 
operator which takes the second difference of the tabulated 
numbers. Along !/=O :- 

a 2  
But the mean value of the stress --y=Y, is the total force S. 

( . y e  p. 79) dividecl by the width of the neck 59-that is, 1.353. 
3x2 

To give this mcan value Y?, must increase as the edge of the 
plate is apl~roaclied. This is indicated in Fig. 5. The shear Y,,. 

* L. F. Richnrd~on, Phil. Trans.", A., 1010, 63.2. 
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The principal stress vanishes by symmetry along y=O. 
X , = F ,  a2Y at the origin, must be to a* zapproximately inversely as 

Y' ax2 

the squares of the axes of the ellipse y=-3  on Fig. 3. By 
measuring the ellipse its semi-axes were found to be 1.07 and 

3.38. Therefore, X , T = 1 . 1 8 ~  ( i j ) 2 = O * 2 4  at the origin. 

Again along g=O, since aY -=o, 
a9 

a2 .y  aj=(curvature of line y=const.) x aY -. 
2X 

Hence at z= 1.45 1.90 
asy 

d!/* I 
X,%=-= 0.24 

In conclusion, I have pleasure in thanking Prof. A. E. H. 
Love for references to Papers about V4y=0 and Dr. C. Chree 
for reading and criticising the manuscript. 

ABSTRACT. 
By boundary problems are here meant problems in which an unknown 

function of position-hereinafter called the integral-has to be found 
throughout a given region from the knowledge that it satisfies o given 
differential equation-hereinafter called the body equation-through- 
out the region, and that the integral and (if necessary) its space-rates 
ore given on the bounding surface in such o WAY as to make it determinate 
throughout the region. 

The method described applies to a wide range of body equations, and 
to any shape of boundary which can be represented satisfactorily 
by an outline drawn on paper. The discussion is for simplicity confined 
to integrals, which can be represented by a single graph showing a 
family of lines, along successive members of which the integral has 
successive constant values. 

Th.: method of solution depends on a knowledge of the value of the 
integral a t  a point inside some simple figure-say at the centre of a 
circle-as a function of the integral and (if necessary) its space-rates on 
the perimeter of the figure. 

A drawing is made showing the boundary, and the contours are 
sketched in so as to satisfy the boundary equations, but elsewhere 
merely by guesswork. This graph is then tested by circles of various 
sizes and variously centred, and is adjusted accordingly. The testing 
and adjustment are repeated until sufficient accuracy is obtained or 
until improvement becomes too slow to be worth while. Some skill in 
freehand drawing is required. 

As an example a rough determination is made of the stress-function in 
D notched plate, of special shape, when in tension. 


